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For the case of weak type inequality, the best constant from $\documentclass[12pt]{minimal}
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Theorem 1.1 {#FPar1}
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Theorem 1.3 {#FPar3}
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*If* *μ* *satisfies one of the following conditions*:
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Preliminary and lemmas {#Sec2}
======================

In the study of sharp problems, the rearrangement of function is a very useful tool. Let $$\documentclass[12pt]{minimal}
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Lemma 2.1 {#FPar4}
---------

(G.H. Hardy and J.E. Littlewood)
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Moreover, the theory of rearrangement plays an important role in proving the existence of maximizing function. This is because of the following lemma introduced by Lieb \[[@CR10]\].
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In this section, we first prove Theorem [1.1](#FPar1){ref-type="sec"}. For the sake of clarity, we define a function as $$\documentclass[12pt]{minimal}
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Next it suffices to show that the constant 1 is sharp for inequality ([10](#Equ10){ref-type=""}).
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Now we will show the results (i) and (ii) of Theorem [1.2](#FPar2){ref-type="sec"}.

Proof {#FPar6}
-----
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A characterization of the measure *μ* which ensures $\documentclass[12pt]{minimal}
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In this section, we try to characterize the measure *μ* which ensures $\documentclass[12pt]{minimal}
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Lemma 5.1 {#FPar7}
---------
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Proof {#FPar8}
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After finishing our preparations, we can give the proof of the result (iii) of the main theorem.

Proof {#FPar11}
-----
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We first consider Condition 1.
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By the property of the partition, there exists an integer *N* satisfying $$\documentclass[12pt]{minimal}
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Counterexample {#Sec6}
==============

In this section we give some counterexamples that make $\documentclass[12pt]{minimal}
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Lemma 6.1 {#FPar12}
---------
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Lemma 6.2 {#FPar14}
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-----
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Now we can give some counterexamples.

Example 6.3 {#FPar16}
-----------

Suppose that *μ* is supported in $\documentclass[12pt]{minimal}
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Proof {#FPar17}
-----

Suppose that the result is not valid. By Lemma [6.2](#FPar14){ref-type="sec"}, we can find a series of functions $\documentclass[12pt]{minimal}
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Example 6.4 {#FPar18}
-----------
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Proof {#FPar19}
-----

By the definition of *μ*, we have $$\documentclass[12pt]{minimal}
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